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13.7 Tangent Planes and Normal Lines ET12.7

Fx.y)=x*—x2 432 = VF (% ‘f) = [(4,\'3 - 2,\') i+ 2yj] (12ﬁ4) = —%i + ?] 1s normal to the level
curve F (x,y) =x* —x2 432 =0at (% ‘—E) So the slope of the required normal line is m = ‘_—I’—% = /3 and an
equation of the normal line 1s y — g =3 (x - %) Sy = —V3x + 3}16. The slope of the required tangent line 1s
m=— 71@ = ‘{F and so an equation of the tangent line is y — % = "{j (,\' — %) Sy = @\ + \1_/25

Fx.y)=2x+y—e" V= VF(,1) = [(2 - 6“'7-1‘) i+ (1 + e“'f") j](] = i+ 2j is normal to the level curve

F(x.y) =2x +y —e" Y =2at (1, 1). From this, we see that the slope of the required normal line is m = % = 2 and so

an equation of the normal line1s y — 1 = 2 (x — 1) & y = 2x — 1. The slope of the required tangent line 1s m = —% and so
an equation of the tangent line is y — 1 = —% x—Hey= 7%,\- 4 %

CF(xoyzs)=x2+ 432 +9:2 - 17= VF (2. 1. 1) = (2xi+ 8yj + 18zk)| (2.1 1) = 4i + 8] + 18k. so an equation of the

tangent plane at (2, 1, 1) 1s4(x —2) 4+ 8(y — 1) + 18(z — 1) = 0 & 2x + 4y + 9z = 17. Equations of the normal line

- h(2.1.1) X — y—1 =1 x—2 y—1 z—1
DAasSII 1rougn I N are = = Lo = —
passing THroug 1 8 13 2 1 9

Fx.v,2)=xy+yz2+xz—-11=0=VF(L,2,3)= [(y +0i+x+2)j+(x +J’)k](1 23) 5i+4j+ 3k.soan
equation of the tangent plane at (1,2,3)1s 5(x — 1) +4(y —2)+3(z —3) =0 & 5x + 4y + 3z = 22. Equations of the

} ) x —1 y—2 -3
normal line passing through (1, 2, 3) ate —— == R
5 z 3
F(x,y.z)=¢"sinwy —z2=0=VF(0,1,0) = (¢"smmyi+ we  cosmyj — k)|(0.1 0= ™ —k.soan equation of
the tangent plane at (0, 1,0) is —w (v — 1) —z = 0 & 7y 4+ z = 7. Equations of the normal line passing through (0, 1, 0)
y—1 z v—1
arex =0, - =—ox=0,- =51
— —1 iy

X . -
Fx.y,2) = 111; —z=lx —lny—-z=0=>VF(2,2,0) = (%1 - ‘l_] - k) !(2,2’0) = %i - %] — k. so an equation of
the tangent plane at (2, 2, 0) is % (x—2)— % (v —2)—z=0<x —y—2z = 0. Equations of the normal line passing

x—2 y-2 4 y—2 z
through (2, 2, 0) are = =—&5x—-2="= = —
1/2 —1/2  —1 —1 -2

F(x,y,2) =sinxy +32 -3 =0= VF(0,3,1) = (yeosxyi+xcosxyj+3k)|g3 1) =3i+3k=3(+k), soan

equation of the tangent plane at (0,3.1) 1s (x —0) + (z — 1) = 0 & x + z = 1. Equations of the normal line passing

x z—1
through (0, 3, 1) are ‘T =T y =3.



37. We write F (x.y.z) = x2 + y* + =2 — 14. Then the normal to the tangent plane to the sphere at the point (xg. yo. o) is
V F (x0, vos z0) = 2x0i + 2y0j + 2zgk. Since the tangent plane is parallel to the plane x 4+ 2y 4 3z = 12 whose normal is
i+ 2j + 3k, we see that xgi + ygj + zok = ¢ (i + 2j + 3k), where ¢ 1s a constant. This equation mmplies that x5 = ¢,
vo = 2¢. and =g = 3¢, and substituting these values into the equation of the sphere gives 2 + (2¢)? + (3¢)? = 14 &

14¢? = 14 & ¢ = +1. Thus, the required poiuts are (—1, —2, —3) and (1, 2, 3).

13.8 Extrema of Functions of Two Variables ET12.8

3. To find the critical pomnts of f, we solve the system
C ) — C .2 2 Ay . — A —
frroy) =S (=2 =3y " +4x -6y +8)=—2x+4=0

obtaining the sole critical pomnt (2, —1) of f.
fro =% (=37 +4x -6y +8) =6y —6=0

Next, we use the SDT on the critical point: D (x,y) = fex (¥, 3) fin (x.)) — f\ﬂ (x.y) = (-2)(—6) — 0% = 12.
Since D (2, —1) = 12 > O and fyyx (2, —1) = —2 < 0, the point (2, —1) gives a relative maximum of f with value
F@Q, 1) =-22-3(1)>+4Q2)-6(-1)+8=15

. fr(xoy) = % 27 43?2 —2xy —8x —2y42) =4x —2y -8 =0
. fy(x,y) = £ (242 97 =2y —8x —2y+2)=2y—2x—2=0

oy

=x =5 y=2650(506)1s
the sole critical point of f. Next, D (x.y) = fax (x.3) fry (x,¥) — fvzx (x,y) =4-2— (_2)2 =4

Since D(5,6) =4 > 0and fyyx (5.6) = 4 > 0, the point (5. 6) gives a relative mimmmum of /* with value
F(5.6) =252 462 -2(5)(6) —8(5) —2(6)+2 =24

fr(x,y) = £ (224 202 452y 43) =2 +2xy =0

9. o 5 ) 5 The first equation gives x = 0 or
L) =5 (¥ +27 427y +3) =4y +x7 =0
v = —L. Substituting x = 0 into the second equation gives y = 0; substituting y = —1 1into the

second equation gives x = 2. Thus, f has critical points (0,0), (=2, —1), and (2, —1). Next,

D (x.y) = fex (x03) oy () = [ (6 0) = 2 4+20) (4) — (2x)F = 42 + 8y +8.

At (0,0): D(0,0) =8 > Oand fyy (6. 0) =2 = 0.s0 (0, 0) gives a relative minimum of f with value f (0, 0) = 3.
At (=2.—-1): D(-2,—1)=—4 (—2)2 +8(=1)+8=—-16 <0,s0(—2,—1,5) 1s a saddle pont of [

At(2,-1): D2.—1)=—4 (2)2 +8(—1)+8=—-16 < 0,s0 (2, —1,5) is also a saddle point of f.

) =& (P57 +xly 427 =2 42y =2+ 1) =0 o
T, . 5 R 5 5 The first equation gives x =0 ory = —1.
frxopy) = % XT 45+ x vy +2y7 ) =10y 4+ x4+ 0y =0

Substituting x = 0 into the second equation gives 10y 4 6_\"2 =2y(3y4+5)=0=y=0o0r f%; substituting y = —1 into
3

the second equation gives ¥2 o4 —=0=x =42 Thus, f has critical points (0, 0), (O. 72) (—2, —1),and (2, —1). Next,

D(xoy) = fox (603) fry 603) = 3, (x0) =2 + D A0+ 129) — @x)? =4y + 1) (5 + 6y) — 4x2.
At (0,0): D(0,0) =4(1)(5) —0 =20 > 0and fyy (0,0) =2 = 0, so f has a relative minimum at (0, 0) with value

1(0,0)=0.
ac(0.-8): p(0.-3) =a(-3+1)[5+6(-3) |10 =L > 0and fix (0.-F) =2 (-F+1) = —% < 0.0
At(—2,—1)y: D(-2,—1)=0— 4(—2)2 = —16 < 0, and so (—2, —1, 3) 1s a saddle point of /.

s
At(2,—1):DQR2.—1)=0 —4(2)2 = —16 < 0, and so (2, —1, 3) 1s also a saddle point of /.

Ll

f has a relative maximum at (0. —2) with value f (0. —%) = 1,,—
3 3 27



33.

A 2 2 . 5
L=z e™ ) =-2xe 2.2 2 2

¢ 1oyt 2 2t = fer () =2(227 = 1) e, Sy (xoy) =4dxye ™ 7Y and
fr(x, 1) =% (e ) = =2y~ . ) | “ :
JY AT ST gy = ¥

felx,1)=0

fir (xoy)y =2 (2)-'2 — '1) e ¥ Setting
o f}- (x,»)=0

} = x = 0and y =0, so (0, 0) is the sole critical point of f.

Next, D (0,0) = frx (0.0) fyy (0.0) — x21' (0.0)=(—2)(~2) — 0> =4 > 0and fyyx (0,0) = —2 < 0, we see that  has

a relative maximum at (0, 0) with value f(0,0) = 1.

Since fy (x,¥) = & (2x 43y —6) =2and A .

Sy (x,y) = % (2x 4+ 3y — 6) = 3 are never equal to 0, 1 has no critical ’

point on D. S
Onfj,x=2andy=y,s0g(y)=f(2,»)=3y —2for 2<y<3. 0 z x
We see that g has an absolute mimimum value of —8 at (2, —2) and an -

absolute maximum value of 7 at (2, 3). &

Onflp,x =xandy =3,s0h (x) = f(x,3) =2x 4+ 3 for 0 < x < 2. We see that /# has an absolute mimimum value of 3 at
(0, 3) and an absolute maximum value of 7 at (2, 3).

Onfz,x=0andy =py.s0s5(y) = f(0,y) =3y —6for =2 < y < 3. We see that s has an absolute minimum value of
—12 at (0, —2) and an absolute maximum value of 3 at (0, 3).

Onfy,x =xandy = —2,s0¢(x) = f(x,—2) =2x — 12 for 0 < x < 2. We see that t has an absolute minimum value of
—12 at (0, —2) and an absolute maximum value of —8 at (2, —2).

The extreme values of f on each boundary of D are summarized below.

8 (s {3 {4
(x,¥) 2,-2) | 2.3y | (0.3) | 2.3) [ (0,—2) | (0,3) | (0,—-2) | (2,—2)
Extreme value —8 7 3 7 —12 3 —12 —8
We see that f has an absolute minimum value of f (0, —2) = —12 and an absolute maximum value of f (2,3) =7 on D.

. fy(x,y)=3and f; (x.y) = 4. so f has no critical point. i
Onlj,x =xandy =0,s0g(y) = f(x,0) =3x — 12for 0 < x < 3. q
We see that f has an absolute minimum value of —12 and an absolute b I
maximum value of =3 on {;. °
Onflr,x =3andy=y.s0h () =f 3B, y) =4y —3for 0 <y <4 We 0 b3 g

see that f has an absolute minimum value of —3 and an absolute

maximum value of 13 on £5.
Onfls, y= i’\ sos(x)=f (\ %\) =3x+4 (%\) - 12 = 27:;\ — 12 for 0 < x < 3. We see that / has an absolute

minimum value of —12 and an absolute maximum value of 13 on £3.

From these calculations, we see that f has an absolute minimum value of —12 and an absolute maximum value of 13 on D.



37.

filey =& (v —2?) =y -2 =0

ox VA
. = x =0,y =0,s0 f has ?
frleoy) =% (xp—a?)=x=0 G
no critical pownt n the mtertor of D. D
OnCyy=x%sogx)=f (\‘ \’2) =x3 —x?for 2<x<2
1-] X~ g\ X, 2 . =X = AL e
1
g (x)= 3x2 —2x = x (3x —2)=0=x=0o0rx = % so 0 and % are N
i ) -2 0 2 x
critical numbers of g on (—2, 2).
From the table, we see that f has an absolute minimum value of —12 and
an absolute maximum value of 4 on Cy. R 5 1o 2 5
3 3
OnCr,x =xandy =4,s0h (x) = f(x,4) =4x —xZfor—2 <x <2. gx) | —12]0 7% 4

I (x) =4 —2x = 0= x =2, an endpoint. We find /# (—2) = —12 and
g(2) =4, so f has an absolute mimimum value of —12 and an absolute

maximum value of 4 on 5.

We conclude that f has an absolute mmimum value of —12 and an absolute maximum value of 4 on D.




