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1.4 Continuous Functions

The denominator of the function f is equal to 0 when (x — 3) (x + 1) = 0, that is, whenx = 3 orx = —1. So [ is

discontinuous at 3 and —1.

. Since ]'11110 (—Ix]+1)=1and f (0) =0, f is discontinuous at 0.
X—>

30. We require that lim (kx + 1) = L (k.\'z — 3) or 2k 4+ 1 = 4k — 3. Solving this last equation, we obtain & = 2.
x—2- x—2+
. . sin2x _ sin 2x i
31. Since lin = lim | 2- = 2, we require that /" (0) = 2. So we take ¢ = 2.
r—=0 X xr—0 2x
23 4x 3 (v = 1) (262 424 + 3)
52. im ——— = lim = lim (2,\'2 +2x + 3) = 7. So f will be continuous at 1 if we define
x—1 x—1 x—1 x—1 r—1
2x3 +x—-3 .
— ifx#£1
fx) = x—1 i 7
7 ifx =1
A 0= R (24 VF) 4 — Ty
] 4 — ¥ ) 2 — ¥ _'+ ¥ ] if x A
54. lim " — lim ( ( = lim (2 + /¥) =4. Sowe define f (v) = { 2— V¥
y—d2—Jx x4 2—J/x x4 ) e
4 ifx =4
60. f(x)= x2 — 4x + 6 is continuous on [0, 3]. F(0y==6and f(3) = 3. Since f(3) <3 < f(0), there exists a number ¢ in
[0, 3] such that £ (¢) =3. To find c we solve x” —4x +6 =3 =x% —4x +3 =(x —3)(x — 1) =0 givingx = 1 or 3.
Therefore ¢ = 1 or 3.
64. f(x) = x* — 233 —3x% + 7 is continuous on [1, 2]. F()=3=0and f(2) = —5 < 0. Therefore, by

70.

Theorem 7, f (x) = 0 has at least one root 1 (1, 2).

a. lim f(xy)y= lm (—,\’2) = 0and ¥
x—0~ x—0~ 5l
lm f(x)= hm (x+ 1)=1. Tlis shows that / 1is not A
x—0t x—0t 1
continuous at 0, and therefore is not continuous on [—1, 1].
— 0
b. f(—1)=—1and /(1) =2. The number < lies between S (—1)and ! o
£ 71,
S (1), but there is no ¢ in [—1, 1] such that f (¢) = % (See the

figure.)



1.5 Tangent Lines and Rates of Change

fesn @ [@rmren]-(242) e
QRQ+m-2 h n h
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b iy = lin === *:-,'i“o(’r" F6h+13) =13

c. y—10=13(x —2)=y=13x — 16

12. a. Meec — —h? 4+ 6h+13

C fE+ED—f @ VTR - V4 (VA+h—2)(Va+h+2) _ h 1
18. lim = lm — = 1 ' = lm ——— = -
=0  (4+h)—4 h—0 h h—0 h(V3+h+2) h=0h(VAd+h+2) 4

36. Using the definition of the derivative, we find f (x) = x4 anda = 16.

38. Using the definition of the derivative, we find f (xv) = 2¥ and a = 3.

Chapter 1  Review

4. flu a. lm fx)=-1
x—=2-

b. lim f(x)=1

1 o— x—2t

c¢. lim f (x) does not exist.
s )

of 1 2 3 X x—2
-1
57 43 — =3 (x2+3x +9)
12. Iim = lun = lim [— (x2 + 3x + 9)] = 27
=3 x—3 x—3 ry—3 x—3
ox—=4 (A2 (a-2)
16. 1 =1 =1 x+2)=4
Ry Rl Ry .
. x—=2 . X — .
18. lim = lim =1lsince|x —2|=x —2forallx > 2.
yo2t v =2 xos2tx—

1
. . cos 2x _ R X 51 I G 2x 1
22, lim xcot2x = lim x - = lm cos2x - lim 2_ =1 -=.lim — = -
x—0 =0 sin 2x xr—0 r—0 sin2x 2 x—0sm2x 2




42¢. If x # 0, then f (x) is continuous. Next, observe that — |x| < xsin(1/x) < |x|. Since |sin (1/x)| < 1, the Squeeze

Theorem mnplies that lim x s (1/x) =0 = f(0), and so f 1s continuous at 0 as well. Therefore, f 1s continuous on
x—0

(—00, o).

2.1 The Derivative

2
12. f(.‘,\) = _ﬁ e
2 ( 2 ) S
ff (x) = 111.111 flx4+h) — fx) — x + 7 \/; 5 lim \/\_ x + I

—0 h h—0 h h—0 h

5 1 VY 4+h—Jx x+h4+ S 5l (x +h)—x
— 1m - = 11
h—=0 hyxyx +h  Vx+h+Jx h—0hxx +h (\fothr\/.\_')
l; 1 2
=2 lim ! =2 lim

h=0 hyx/x +h (Vx+ 7+ Jx) h=0 /xvVx +h (Vx + 1+ Jx) - VAV (2%)

| ) )
= with domain (0, 00).

Tx

15. f(x)=x241 =

fx+hm—f&) [(«\‘ +h)? + 1] — (,\‘2 +1 x4 2xh+ b+ 1) — (,\*2 + '1)

L) — T Y BT
f x) frEl(J h hglo h 11210 h
h(2x 4+ h
= lm 1(\—“ = lm (2x +7) = 2x
h—0 h h—0

The slope of the tangent line at (2. 5) is f/ (2) = 2(2) = 4. An equation of the tangent line is y — 5 = 4 (x —2) or
y=4x —3.

50. lim f(x)= lm (x+4+1)=1, n f(x) = lm (,\'2 + l) = 1. Therefore, lim f (x) = 1. Also,
4] 0+ x—0T x—0

lix
x—0~ x—0~ x—

f(0)=0+1=1,andso 1'11110 f(x) = f(0). Therefore, f 1s continuous at 0.
XN—>

To show that / 1s not differentiable at 0. let # < 0 and consider

04+ h)y— (0 h+1)—1
lim JO+h-70 = Il L = lm 1 = 1. Next.if » = 0. then
h—0~ h h—0— h h—0—
2 P
0+h)— £(0 [(0+"")+1]—1 0+h) — £(0
lim JO+h 70O = lm = lum /s = 0. This shows that lim JO+h O does not
h—0t h h—0+ h h—0t h—0 h

exist, and so by definition, /" 1s not differentiable at 0.



xsin(l/x) ifx #0
52. f(x) = (1/%) 7 Because [sin(1/x)] < 1. we have 0 < [xsin(l/x)]| < |x]|. Since lim |x| = 0, the

Squeeze Theorem implies that lim x sin(1/x) =0 = f(0), and so f 1s continuous at 0.

x—0
. . . . 0+hm)— fF(0 . hsm(1/4 . )
To show that f is not differentiable at 0. we compute " (0) = lim A ) = /) = lim pam st (1/k) = lim sin(1/h)
: h—0 h h—0 h h—0

which does not exist. Therefore, f is not differentiable at 0.



