1 Limits
1.1

1.2 Finding limits graphically

Examples 1. f(z) = ””;:11, x # 1.

The behavior of f(z) as x approximates 1.
lim
(x) = 3.

r—1

2. f(a) = =5 o f (@) =2,
The behavior of f(z) as z = 0.

3. Let f(x)::{

Examples. (Limits that fail to exist)
lim |z|
Tx—0
lim 1
" z—02(2)"
lim sinl
©z—02(2)°

Formal definition of limit.

;Tc f(z)=L. f becomes arbitrarily close to L
. as x approaches c.
e-0 definition | f(z) —L|<e 0<|xz—cl|<d

. for each €, 4 9 s.t.

1.3 Finding limits analytically

Theorem 1.1 b,c real numbers, n: positive integer.
(i) "mb=b, (i) "2 =c, (i) 2" =

r—cC r— r—cC

Theorem 1.2 f.g functions with limits a{i"cf(:c) =L, " g(z) = K.

1. " bf(x) =bL.

Im fx) £g(x) = L+ K.

o f(@)g(x) = LK. 1
im @) _ L f | £ 0.

z—cg(a)

m (f(z)m = Ln.

AR

Examples. " (422 + 2)

Theorem 1.3
lim

= (1) If o(2) is a polvnomial. then “™ n(x) = n(c).



lim z3—1 lim 2242—6
rz—1 z—17 x——-3 x+3 ’

Examples.
limXeti-1

Theorem 1.8 (The squeeze theorem)
If h(z) < f(x) < g(x) in an open interval containung c, except possibly at ¢
and if i@ch(x):L:aiTCg(x)

then '™ f(x) = L.

r—cC
Example 1. “mow =1, “mo l—cos z _ ()
A __ tan# > 0 ;Hsmg‘r T— x

=" >0 >0

1 0
cos — sind Z 1

cosh < % <1
Now apply squeeze thm.

lim tan x__ lim sinx 1 _ lim sin x lim 1 _
g limtang_ limsing 1 _ Wmsinglim 1 _ _ 4
z—0 =z z—0 x cosx x—0 x x—0cos x
3. lim sin 4:1::4 lim sin 4x:4 lim siny __ 4.
z—0 =z rz—0 4dx z—0 vy

1.4 Continuity and one-side limits

Definition: A function f is continuous at ¢ if f(c) is defined, ;Tc f(x) exists
and ;ch(x) = f(o).

The function f is continuous on an open interval (a,b) if it is continuous at
each point in (a, b).

Discontinuity: jump, infinity, not defined.

One-side limits ‘
limit from the right xﬁ"}f(x =L,

limit from the left "™ f(x) .

Examples. greatest integer function f(x) = [x].

] = =1, ] =0,

Theorem 1.10 f:function, ¢, L: real numbers.
Then i’;”cf(x) = Liff "™ f(z)=Land "™ f(z)=L.

x—ct r—Cc



Definition: A function f is continuous on the closed interval [a,b] if f is
continuous on (a,b) and xl_ZZZ+ (x) = f(a), xﬁ"g, (x) = f(b).

Examples. f(z) =1 — 22
z—lfTﬁ V1—2?>=0=f(-1),
SmVT—a2=0= f(1).

f(z) is continuous on [—1,1].

Theorem 1.11 b: real number. f, g are continuous at x = ¢, then the
following functions are continuous:

(a) bf.
) [ £g.

(b
(c) fg.
(d) Lif g(c) #0.

Theorem 1.12 If g is continuous at z = ¢, f is continuous at g(c), then the
composite (f o g)(z) = f(g(z)) is continuous at x = c.

Examples. Test for continuity.

(a) f(x)=tan x.(not defined at z = F+nm,n € N) (b) f(x) = { gm v i 7_£ 5
(c) f(z) =asin L, — |z |<asint <]z |.

Theorem 1.13 (Intermediate value theorem)

If f is continuous on the closed interval [a,b] and k is any number between

f(a) and f(b), then there is at least one number ¢ in [a,b] s.t. f(c) = k.

Examples. f(z) = 23 + 2z — 1. f(z) has a root in [a, ].

1.5 Infinite limits

Definition: f: function defined in an open interval containing c(except pos-
sibly at ¢).

o f (@) = o0

means that for each M >0, 30 > 0 s.t. f(z) > M whenever 0 <| z — ¢ |< 4.



means that for each N >0, 30 > 0 s.t. f(z) < M whenever 0 <| x — ¢ |< 4.
bim_f(x) = 0o means that f(z) > M forc—d <z < c.

r—C

In each of the above cases, we say = c is a vertical asymptate.

‘N’

Theorem 1.14 If h(z) =
with f(c) # 0 and g(c) #0, t

Examples. (a) f(z) = 5505 (b) f(z) = f;jll). (c) f(x) = cot x. (d)

flz) = =8,

() where f(z), g(x) are continuous at = = c,

U‘A

x)
en h(c) has a vertical asymptate at = c.

Theorem 1.15 If iﬁ”cf(x) = 00, gilj’fcg(x) = L.
L (f(r) 4+ g(x)) = 0.

. 00 if L >0,

2. " fx)g(z) = { —0 if L <0,
lim (g(x)

3. xac(f(ff)) 0.

2 Differentiation

2.1 The derivative and the tangent line problem

Definition: If f is defined on an open interval containing ¢, and if the limit
lim Ay _ lim f(c+dz)—f(c) m
NAx—c Ax ~ Azx—c Az -

exists, then the line through (c, f(c)) with shape m is the tangent line to the
graph of f at (¢, f(c)).

The derivative of f at x is defined by
f/(x) _ lim flc+Dz)—f(c)
Azx—c Ax

provided the limit exists. Forr all z for which the limit exists, f  is a function
of x.

Remark: The process of finding the derivative of a finction is called differ-
entiation. A function f is differentiable at x if f () = exists. f is called
differentiable on (a,b), if it is differentiable at each point z in (a,b).



Notation: f'(z), &, ¢, L.

Examples. (a) f(z) = 2%+ 1, f(z) = Vz. (f (¢) :ifcw)

Differentiability: ‘ ,
Not differentiable if (1) f'(c) Zml_zzf- —f(xz);f(c) 7émli>7:+ —f(xg:f((:)
or (2) f'(e) =/ HILE) = o,

f(e)
Examples. (a) f(z) =| 2 —2], (b) f(z) = x5.

Theorem 2.1 If f is differentatiable at x = ¢, then f is continuous at x = c.

proof. '™ f(z) — f<> =1 (@ — o) [E2HD i () o ST
="z —¢)- f(e)

This means " f(z) = f( ),i.e. f(z) is continuous at c. O

2.2 Bsic differentiation rule

Theorem 2.2 If ¢ is a real number, then

%C—O

Theorem 2.3 If n is any rational number, then f(z) = 2™ is differentiable
and f'(z) = na" 1.
d

In particular, we have —~x = 1.

Examples. Ex2. p109.

Theorem 2.4 If f is differentiable and c is any real number, then

i (cf (@) = cf (x).

Theorem 2.5 If f(x) and g(x) are differentiable, then
f £ g are differentiable and

a(f £9)(@) = [ (2) £ g (2).

Examples. (a) f(z) = %, (b) f(z) = 2% — 4z + 5.



Theorem 2.6 -L(sin ) = cos z, - (cos x) = —sin .

sin(x +y) = sin xcos y + cos xsin y.

2.3 product and quotient rules

Theorem 2.7 (product rule)
If f(z) and g(z) are differentiable, then

i (f(2)9(2)) = [ (2)g(z) + f(x)g()"

Theorem 2.8 (quotient rule)
If f(z) and g(z) are differentiable with g(x) # 0,

d (f@)y _ [ (@)~ f(=)g(z)
then 72 (5m) = @

Examples. Fing the derivatives
1. h(z) = (3z — 222)(5 + 4x).
2.y = Zﬁ’f

3.y =3x°sin x.

1
4. The tangent line of f(x) = i+g at (—1,1).

5.y:1;.‘;¢xx:cscw—cotx.

High order derivatives
st / ! dy df

1°* order y f(x) 0 ds
nd " " d y d

2% order f(x) & i=f

n'" order yn fi(x) Lr L
Theorem 2.8 -L(tan z) = sec* z, L(cot ) = —csc? x.
L (sec x) = sec xtan x, (csc ) = —csc zeot w.

2.4 Chain rule

Theorem 2.10 If y = f(x) is a differentiable function of w and u = g(z) is
a differentiable function of x then y = f(g(x)) is a differentiable function of
x and
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Examples. Fing g—g if

(1) y=(z+1)°

(2) general power rule y = (u(x))", n rational, u(x) is differentiable
then % = nu(z)" T

dx’
(3) f(x) = ¥/ (? = 1)
(4) g(t) = (gt__73)2
(5) F(z) = e
(6) y = (3553)°
(7) L (sin u) = cos u%t, L(cos u) = —sin ult.
L (tan u) = sec® udt, L(cot u) = —csc* ut.
(8) y = cos’z.
(9) f(t) = sin®4t

2.5 Implicit differentiation

If the function y of x is given implicitly by
flz,y) =0,

we can still find % in terms of f(x,y) and the chain rule.

Examples. 2, 4, 5, 6, 7.

3 Application of differentiation

3.1 Extreme on an interval

Definition:(extreme)

f: function defined on an interval I containing c.

1. f(c) is the minimum of f on I if f(¢) < f(z), Vx € I.

2. f(c) is the maximum of f on I if f(c) > f(z), Vx € 1.

They are also called the extreme values, absolute min or absolute max.



Theorem 2.10 (extreme value theorem)
If y = f(x) is continuous on a closed interval [a, b], then f has both a mini-
mum and a maximum on the interval.

Definition:(relative extrema)
1. If 3 open interval containing ¢ on which f(c) is a maximum, then f(c) is
called a relative maximum of f, or f has a relative maximum at (¢, f(c)).
2. If 3 open interval containing ¢ on which f(c) is a minimum, then f(c)
is called a relative minimum of f, or f has a relative minimum at (¢, f(c)).

Definition:(critical numbers)

Let f be defined on c. If f'(c) = 0 or f is Not differentiable at ¢, then c is a
critical number of f.

Theorem 2.10 If f has a relative minimum or relative maximum at c, then
c is a critical number of f.

proof. (i) If f is Not differentiable, then by definition ¢ is a critical number.
(ii) If f is differentiable at © = ¢, f'(z)is > 0, = 0, < 0. If f'(c) > 0, i.e.
f(¢) =lim =1~ o This implies that M > 0 in a neighborhood of

r—c Tr—cC

¢, x # c.

left of ¢, © < ¢, and f(x) < f(c)= f(c) is Not a relative minimum,

right of ¢, x > ¢, and f(z) > f(¢)= f(c) is Not a relative maximum.

So, f'(c) > 0 contradicts the hypothesis that f(c) is a relative extremum. [

Finding extreme on a closed interval [a, b]

1. Find the critical numbers of f in (a,b).

2. Evaluate f at each critical number.

3. Evaluate f at the endpoints a and b.

4. The least of these is the minimum and the largest is the maximum.

Examples. Find the extrema of f(z) = 2z — 323 on [—1,3]. p.168.

3.2 Rolle's theorem and the MVT

Theorem 3.3 (Rolle) f: continuous on [a, b] and differentiable on (a,b).
If f(a) = f(b), then 3 c € (a,b) s.t. f(c) =



proof. (a) If f(x) = d = f(a) = f(b), f is const. on the interval [a,b],
f'(x) =0 for any = € (a,b).

(b) If f(x) > d for some = € (a,b). By extreme value theorem, f has a
maximum at some point ¢ in the interval. Since f(¢) > d, the maximum
is NOT at the endpoints. This implies that f(c) is relative maximum, by
theorem f¢ =0, since f is differentiable at c.

(c) If f(z) < d for some x € (a,b), we get a relative minimum by the
argument above. [

Theorem 3.4 (MVT) If f is continuous on [a, b] and differentiable on (a, b),

then 3 ¢ € (a,b) s.t. f/(c) = %

proof. Define the function g(x) by
g(x) = f(z) = L (@ — a) - f(a).
Then g(a) =0 = g(b), g is continuous on |a, b] and differentiable on (a,b).
By Rolle’s theorem Jc € (a,b) s.t. g'(c) = 0. Now
— () — £ () — B —=f(e)
0=g(c)=f(c) ="

ie. f(c)= 10O O

EX 3. pl75.

3.3 Increasing and decreasing functions and the 1%
derivative test

Definition: A function f is

increasing on an interval [ if for any xq, zo € I,
x1 < x9 implies that f(zq) < f(z2).

decreasing on an interval [ if for any xy, x5 € I,
x1 < xo implies that f(z1) > f(x2).

Theorem 3.5 Test for increasing and decreasing.
f: continuous on [a, b], differentiable on (a, b).

1. If f'(z) > OVx € I, then f is increasing on [a, b].
2. If f'(x) < OVa € I, then f is decreasing on [a, b).
1. If f'(z) = OVz € I, then f is constant on [a, b].



proof. If f'(z) > OVa € I. For any x1, 7y € (a,b) with z; < 5. By MVT
Jry <c<xyst. fe)= % > 0.

= f(x2) > f(x1). i.e. f is increasing on (a,b). O

Examples 1 p180.

Finding functions on which a function is increasing or decreasing.

1. Locate the critical numbers of f in (a,b), and use these numbers to deter-
mine the test intervals.

2. In each of the intervals, determine the sign of f'(z) at one testnumber.

3. Use the above Theorem 3.5.

Theorem 3.6 c is a critical number of f that is continuous on an open in-
terval I containing c. If f is differentiable on the interval, except possibly at
¢, then

1. If f'(x) changes from negative to positive at ¢, then f has a relative min-
imum at (¢, f(c)).

2. If f'(x) changes from positive to negative at ¢, then f has a relative max-
imum at (¢, f(c)).

3. If f'(x) is positive on both sides of ¢ or is negative on sides of ¢, then f
neither a relative minimum nor a relative minimum.

Examples 3, 4 p183.

3.4 Concavity and 2" derivative test

Definition: f: differentiable on I.,
The graph of f is concave upward on I if f'(x) is increasing on I,
concave downward on I if f'(z) is decreasing on 1.

The above are equivalent to the following:

f is concave upward on I < the graph of f lies above of its tangent lines on
I.

f is concave downward on [ < the graph of f lies below of its tangent lines
on [.

10



Theorem 3.7(Test for concavity)

f function on I whose 2"¢ derivative exists on I.

LIf f'(x) > 0 for all x € I, then f is concave upward on I.
2.If f"(z) < 0 for all # € I, then f is concave downward on I.

Definition: f: continuous on open interval I, ¢ € I.

If the graph of f has a tangent line at the point (¢, f(c)), then the point
(¢, f(c)) is a point of inflection of f is the concavity of f changes from
upward to downward(or downward to upward).

Theorem 3.8 If (¢, f(c)) is a point of inflection, then either f"(z) = 0 or f"
does Not exist at = = c.

Examples. f(z) = 2! — 423. Find the points of inflection.
f(z) >0 =42® — 1222

f(x) = 1222 — 242 = 122(x — 2)

f(z)=0=12=0,2

. -oo< <0 0<x<2 2<r <
test value = -1 r=1 r=3

ffi=1>0 f(1)y<o f(3>0
-upward downward upward

Theorem 3.8 2"¢ derivative test

f: a function s.t. f'(c) = 0 and f"(z) exists on an open interval containing
c.

1. If f"(c) > 0, then f has a relative minimum at (c, f(c)).

2. If f"(c) < 0, then f has a relative maximum at (c, f(c)).

If f(¢) = 0, the test fails. That is, f may have a relative maximum, relative
minimum or neither. In this case, we should use 15 derivative test.

3.5 Limits and infinity

Definition: L: a real number.

1. xlz’;of(x) = L means that for every € > 0, IM > 0 s.t. | f(z) — L |[< €
whenever z > M.

2. "M f(z) = L means that for every e > 0, IN < 0 s.t. | f(z) =L |< e

Tr——00

whenever x < N.

11



In both cases, we say that y = L is a horizontal asymptote for the func-
tion f(z) as x — oc.

Theorem 3.8 Limits at infinity.
IF ¢t > 0 rational number, ¢ is any real number, then

lim
cr =0.
If 2" is defined for z < 0, then
lim
< =0.

r——00 "

Ex 3, 4, 5.

If lim f(flf

T—00

)y o g(x) exists, then
e (F(2) + 9( >>zi”;f<x>,+;:";g<x>,
i (f@)g(x)=,"" f(x)- " g(x).

T—00

Definition: 1. "™ f(z) = co means f(z) > M whenever z > N.

T—00

3.6 A summary and sketching

Guide lines:

1. Determine the domain and range of the function.

2. Deter the intercepts, asymptotes and symmetry of the graph.

3. Locate the z-value for which f'(z) and f"(z) either are zero or do Not
exist. Use these results to determine relative extreme and points of inflection.

Examples 1, 2, 4, 5.

3.7
3.8

3.9 Differentials

The tangent line at (c, f(c)) is y = f(c) + f (¢)(x = ¢) when z — ¢ — Az
is vert small, the change Ay = f(c + Ax) — f(c)can be approximated by

Dy = fle+ bx) — f(e) ~ f ()b (1)

12



When Ax — 0, denote it by dz, we then define the differential to dy =
f(z)dz.

Examples 2, before 4, 5.

()= fla+ D) = f() +dy = f(2) + (@) A

13



