3.5 Concept Questions

1. a. Iim3 / (x) = oo means f (x) can be made as large as we please by taking x sufficiently close to (but not equal to) 3.
X =

b. lirrzl_ /f (x) = —oo means f (x) can be made as large in absolute value as we please (but negative) by taking x
;11_{')}iciently close to (but less than) 2.
2. a. X_l>in_100 f(x) =2 means f (x) can be made as close to 2 as we please by taking x sufficiently large in absolute value and
negative.

b. ‘_l_i)m:’C / (x) = —5 means f (x) can be made as close to —5 as we please by taking x sufficiently large.

3. a. See page 292.
b. See page 296.

4. a. The graph of a function can have infinitely many vertical asymptotes. For ¥
example, / (x) = tanx has vertical asymptotes at x = & & nr,

n=0,1,2,3,...

b. The graph of a function can have zero, one, or two horizontal asymptotes. For example, f (x) = x2 has no asymptote,

J(x)=

7 has y = 0 as its only horizontal asymptote, and f (x) = tan~! x has horizontal asymptotes at y = :i:%.
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3.5 Limits Involving Infinity and Asymptotes

1. a. xl_l)na_ fx)=—-00 b. x1—1>n(}+ fx)=00 c. xll>moof(x) =00 d. x_l:ri'noof(x) = —00
2. a. xl—%l— fx)=00 b. xl_l)IBl+ f(x)=—-0 c. xlgréof(x) =0 d. x_l:rzloof(x) =00
3. a. xlgnof(x) = —00 b. x_l:rzloof x)=0 c. xlgréof(x) =0
4. a. x_l)lrlloof(x) =1 b. xll>moof(x) =1
5. lim f(x)=o00
x—=2nm
6. a. x_l;rzloo f (x) does not exist. b. xli>m0o f (x) does not exist.
t
8. lim3 i T33 = —oo0 since the numerator approaches —3 and the denominator approaches 0 through positive values as
t——

t = —3 from the right.

1
10. lim —F

x—1t 1 —x
from the right.

= —oo since the numerator approaches 2 and the denominator approaches 0 through negative values as x — 1

1 1
14. lim (— — ) = —00. As x — —1 from the right, the first term approaches —1 but the second term approaches co.
x——1t \x x+1



16. lim —— = oo since the numerator is positive and the denominator approaches 0 through positive values as x — 0 from

x—0+ sinx
the right.
oox+1 o141
20. lim = lim X =1
x>0 x —5 x—00 ] %
1
22 —1 -5 1
2. lim 2T = fim X =~
x—00 4x2 + 1 x—>oo4_|_L2 2
X
X1 X+ %
26. lim ——— = lim 7)61 = —00

212 242
3. Iim ——= lim ——-
t——00 t4 +t2 t——00 t4 +t2

1 1
34. lim cos — =1 becauseas x — 0o, — — 0 and cos0 = 1.

X—00 X X
. x . 1 1
36. Ilm —— = lim S . cosx — &
X—>003x +cosx X003 4 =2 3
50. lim = 1,50 y = 1 is a horizontal asymptote. lim = —00, so x = —1 is a vertical asymptote.
x—00 x + 1 x—=—1+x+1
2 12 2
52. lim =1, so y = 1is a horizontal asymptote. lim ———— =ocoand lim ——— = —0c0s0
Jm T y Y - +2) (-2 52 (+2)(=2)
t = £2 are vertical asymptotes.
. 2—x? . . . 2—x?2 . 2—x2
54. lim = —1,s0 y = —1is a horizontal asymptote. lim ———— =ooand lim ——— =o00,s0x = —1
x—00 x2 4 x xo-1-x(x+1) x>0t X (x 4+ 1)

and x = 0 are vertical asymptotes.

56. If x > 0, then Vx0 = x3. Dividing the numerator and the denominator of f (x) by x3, we have
2x3 2 2 2 2
= , SO
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1 1 1
— 6 —/3x6
x3\/3x +2 N 3x° 42 \/_6 (3x6+2) \/3+_6

. . 2 2J§ 243 . .
xgngo fx)= X1_1)moo T = ﬁ = ——. We conclude that y = =¥= is a horizontal asymptote of the graph of /.
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Next, if x < 0, then v/x° = ‘x3‘ = —x3. Dividing the numerator and the denominator of f (x) by
2 2

2 2
—x3, we have f (x) = T = 1 =7 - _ . . 50
—V3x0 42 ———/3x0 42 L (2.6 2
Vx4 V3 + /x(’ (3x6 +2) /3+x6

-2 2 2V3
lIim f(x)= lim —m=——7= —i. We see that y = —%5 is also a horizontal asymptote of the graph
X—>—00 X——00 2 ﬁ
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of f.
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False. lim
x—2- X —

True. Write f (x) = ¢ and let € > 0 be given. Then pick N to be any positive number. Thenx > N =

|[f(x)—cl=lc—c| <e.

False. The graph of 1 (x) =

y=0.

2

False. Let f (x) = ~

X —

True. Let f (x) =

x2+1

asymptotes.

= —ooand lim

!
. Then i =l
7 Thea I, £ ) = liy

= 00, so lim
=2+ x — x—2 X —

crosses its horizontal asymptote
x2 41

(x+2)(x —2)
x =2

. Then y = —1 and y = 1 are horizontal

False. Let f (x) = x + 2. Then xl_1>%1+ f(x)=2=L,but Xl_l)moof(

does not exist.
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=4, and so x = 2 is not a vertical asymptote.
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