Calculus Exam-3 (107.06.26)
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e 1. (15% ) Show that lim, , ) % does not exists.

o Proof:

The function is defined everywhere except at (0,0). Let’s approach (0,0) along two different paths
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along x-axis - lim —— =lim=—=1
§ Xax zy—(00) 22 +y2 20 2
2.2 2
along y-axis — lim ———— =lim = —— = —1
z,y—(0,0) ° -+ y2 y—0 y2

Since 1 # —1, we conclude that the given limit does not exist.

e 2. (15% ) Find the relative extrema of f(z,y) = 23 + y> — 22y + 7w — 8y + 2

fe(z,y) =32 =2y +7 ;  f,(z,y)=2y—22—38
Solving f,(z,y) = 0 and f,(z,y) = 0, we have

322 -2y +7=0 r=1 r=-—1/3
= or
2y —2xr—8=0 y=>5 y=11/3

Hence the critical points are (—1/3,11/3) and (1, 5).

Next, we use Second Derivative Test
fer(,y) =62 5 f(z,y) =2 5 folr,y) = fr(r,y) = -2
then D = foufyy — ffy =12z —4
D(1,5) >0 ; D(-1/3,11/3) <0

Since f;.(1,5) > 0, point (1,5) gives the relative extrema minimum of f with value is f(1,5) = —15.
And point (—1/3,11/3) is the saddle point because D(—1/3,11/3) < 0.



e 3. (15% ) Evaluate the integral by reversing the order of integration
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Fig. 1: Figure of integration region
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e 4. (15% ) Use the method of change of variables to evaluate

//R(a:—ky)dA

where R is the parallelogram with vertices (0,0) ,(2,0) , (3,1) and (1,1) .

Let z = u+v and y = v and this transformation maps region R into region S as shown in the figure.
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Fig. 2: Figure of integration region

And the Jacobian of the transformation is

ox Oz
0wy |au a0 |_| L 1|_
8(u,v) % % 0 1

Hence we have

//R(w—l-y)dA = //S((u+v)+v)'1'dudv
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e 5. (10% ) Let w = z%y+y*2® , where x =rcoss , y =rsins and z = re®* Use the method

of the chain rule to find the value dw/0s when r =1 and s =0

Ow Owdr Owdy Owdz _ ) ; ) s
9s 7 0s + 8yas+ 9 95 2zy(—rsins) + (z° + 2yz°) - (rcoss) + (3y°z°) - re

= —2rzysins + x°rcos s + 2y2°r cos s + 3y’ 2re’

whenr=1and s=0,wehavex=1,y=0and 2=1, so

B
A e 0+14040=1
0s

e 6. ( 10% ) Find the directional derivative of f(x,y) = e* cos(2y) at the point (0,7/4)
in the direction 7= 2 + 3].

Vf(z,y) = Gf + 8_3]; 7 = €"cos(2y) 1 — 2% sin(2y) J

And the unit vector of ¥ is given by

[~

. 1 2+ 3)) 3 .
Ui===—"=020+3)) = —F=1+—F=
| V13 \/_ V13

Hence the directional derivative of f at the point (0,7/4) n the direction ' is

=L

-6  —6/13

2 6
Dgf(x,y) =Vf(xy) - u = —=-€"cos(2y) — —=e"sin(2y) = -
(0.7/4) (0r/a) V13 V13 (0m/a) V13 13




e 7. (10% ) Find equations of the tangent plane and normal line to the graph of the
function f define by f(z,y) = 42% + y*> + 2 at the point where z =1 and y =1

o Sol:

The surface is a paraboloid. The equation can be written as the form
2= flz,y) =42 +9y* +2 = F(z,y,2) =2 — f(z,9) =0
where
F(z,y,2) =2 —42* —y* — 2
Then

_OF OF _OF

F,=—=-8 ;, F,=—=-2y ; F,.=—=1
ox o Y 4 0z

Ifx=1,y=1then z = f(x,y) = 7 on the paraboloid.
At point (1,1,7) we have

Hence we know the normal vector of the tangent plane at (1,1,7) is (—8,—2,1).

Then we have the equation of the plane
—8(r—1)—2(y—1)+(2—7) =0 = 8r+2y—2=3
And the equation of the normal line is given by

r=1-8 ; y=1-2t ; z=1+t ; t#0,teR

xr—1 y—1 2z-7
or = =
—8 -2 1




e 8. (10% ) Find the maximum and minimum values of the function f(z,y) = 2% — 2y
subject to 22 + y? = 9.

o Sol : Constraint equation is g(z,y) =2 +y* =9
Vf=221—27 ;: Vg=22i+2y]
The equation V f = AVg becomes

2wi—27=2z\i+2\yJ

so we have
20 =22\ — — — — — (1)
—2=2\y
2’ +y* =9

From (1) we have z =0 or A = 1.
If x =0 then y = 3, so we have f(x,y) = —6 or f(x,y) = 6.
If \=1then y = —1, 2 = £2/2, so we have f(z,y) = 10.

Hence we know that

the maximum value of f is 10

the minimum value of f is —6




